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Introduction
The vanishing Morrey space V M p,λ (R n ) of the classical Morrey Spaces M p,λ (R n ) was introduced by Vitanza in [23] (see also [19] ) and applied there to obtain a regularity result for elliptic partial differential equations. Later in [24] Vitanza proved an existence theorem for a Dirichlet problem, under weaker assumptions then those introduced by Miranda in [15] , and a W 3,2 regularity result assuming that the partial derivatives of the coefficients of the highest and lower order terms belong to vanishing Morrey spaces depending on the dimension. Also M.A. Ragusa [19] obtained a sufficient condition for commutators of fractional integral operators to belong to vanishing Morrey spaces V M p,λ (R n ). About commutator operators in vanishing Morrey spaces see the papers [18, 19] . The vanishing generalized Morrey space V M p,ϕ (R n ) and vanishing generalized local Morrey space V LM {x 0 } p,ϕ (R n ) was introduced by N. Samko ([20, 21] ). The boundedness of the multi-dimensional Hardy type operators, maximal, potential and singular operators in these spaces were proved in [20, 21] . In [3] A. Akbulut and O. Kuzu proved the boundedness of Marcinkiewicz integrals with rough kernel associated with Schrödinger operator on vanishing generalized Morrey spaces.
Let f ∈ L loc 1 (R n ). The generalized fractional integral operator I ρ is defined by I ρ f (x) = R n ρ(|x − y|) |x − y| n f (y)dy, where ρ : (0, ∞) → (0, ∞) is a suitable function. If ρ(t) ≡ t α , then I α ≡ I t α is the Riesz potential operator.
The generalized fractional integral operator I ρ was initilally investigated in [9, 13, 16] . Nakai [16] proved the boundedness of I ρ from the generalized Morrey spaces M 1,ϕ to the spaces M 1,ψ for suitable functions ϕ and ψ. Nowadays many authors have been culminating important observations about I ρ especially in connection with Morrey spaces (see [6, 12, 14] ).
In this study, we prove the Spanne-Guliyev type boundedness of the operator I ρ from the vanishing generalized local Morrey spaces V LM
q,ϕ 2 , 1 < p < q < ∞, and from the space V LM
to the weak space V W LM {x 0 } q,ϕ 2 , 1 < q < ∞. We also prove the Adams-Guliyev type boundedness of the operator I ρ from the vanishing generalized Morrey spaces V M Throughout the paper we use the letter C for a positive constant, independent of appropriate parameters and not necessary the same at each occurrence.
Vanishing generalized Morrey spaces V M p,ϕ
and vanishing generalized local Morrey spaces V LM
For x ∈ R n and r > 0, we denote by B(x, r) the open ball centered at x of radius r, and by B(x, r) denote its complement. Let |B(x, r)| be the Lebesgue measure of the ball B(x, r).
Definition 2.1. Let ϕ(x, r) be a positive measurable function on R n × (0, ∞) and 1 ≤ p < ∞. We denote by M p,ϕ ≡ M p,ϕ (R n ) the generalized Morrey space, the space of all functions f ∈ L loc p (R n ) with finite quasinorm
According to this definition, we recover the Morrey space M p,λ and weak Morrey space W M p,λ under the choice ϕ(x, r) = r λ−n p :
Definition 2.3. Let ϕ(x, r) be a positive measurable function on R n × (0, ∞) and 1 ≤ p < ∞. For any fixed x 0 ∈ R n we denote by LM
According to this definition, we recover the local Morrey space LM 
Wiener [25, 26] looked for a way to describe the behavior of a function at the infinity. The conditions he considered are related to appropriate weighted L q spaces. Beurling [5] extended this idea and defined a pair of dual Banach spaces A q and B q , where 1/q + 1/q = 1. To be precise, A q is a Banach algebra with respect to the convolution, expressed as a union of certain weighted L q spaces; the space B q is expressed as the intersection of the corresponding weighted L q spaces. Feichtinger [8] observed that the space B q can be described by
where χ 0 is the characteristic function of the unit ball {x ∈ R n : |x| ≤ 1}, χ k is the characteristic function of the annulus {x ∈ R n : 2 k−1 < |x| ≤ 2 k }, k = 1, 2, . . .. By duality, the space A q (R n ), called Beurling algebra now, can be described by
where Θ is the set of all functions equivalent to 0 on
Alvarez, Guzman-Partida and Lakey [4] in order to study the relationship between central bounded mean oscillation BM O spaces and Morrey spaces, they introduced λ-central BM O spaces and central Morrey spacesḂ
. Also define the weak central
The vanishing weak generalized Morrey space
Everywhere in the sequel we assume that lim r→0 1 inf x∈R n ϕ(x, r) = 0 and sup
which makes the spaces V M p,ϕ (R n ) and V W M p,ϕ (R n ) non-trivial, because bounded functions with compact support belong then to this space.
Let ϕ(x, r) be a positive measurable function on R n × (0, ∞). We say that ϕ belongs to the class B glob , if it satisfies the assumptions in (2.3).
The spaces V M p,ϕ (R n ) and V W M p,ϕ (R n ) are Banach spaces with respect to the norm
respectively. Extending the definition of vanishing generalized Morrey spaces to the case of local Morrey spaces, we introduce the following definition.
The vanishing generalized local Morrey space V LM
respectively. The followings are sufficient conditions for the non-triviality of the spaces V LM
= 0 and sup
since bounded functions with compact support belong then to these spaces, see [21] .
Let ϕ(x, r) be a positive measurable function on R n × (0, ∞). We say that ϕ belongs to the class B loc , if it satisfies the assumptions in (2.4) .
The spaces V LM
, respectively, which may be shown by standard means.
We will also use the notation
and
for brevity, so that
and similarly for V W LM
3 Generalized fractional integral operators on vanishing generalized local Morrey spaces V LM
In this section we obtain the Spanne-Guliyev type boundedness of the generalized fractional integral operators I ρ in the vanishing generalized local Morrey spaces V LM {x 0 } p,ϕ . Further we prove the Adams-Guliyev type boundedness of the operators I ρ in the vanishing generalized Morrey spaces V M p,ϕ .
We assume that
so that the generalized fractional integrals I ρ f are well defined, at least for characteristic functions 1/|x| 2n of complementary balls:
In addition, we will assume that ρ satisfies the growth condition: there exist constants C > 0 and 0
This condition is weaker than the usual doubling condition for the function ρ(t) t n : there exists a constant C > 0 such that 1 C ρ(t) t n ≤ ρ(r) r n ≤ C ρ(t) t n , whenever r and t satisfy r, t > 0 and
Remark 3.1. Typical examples of ρ(t) that we envisage are, for 0 < α < n ρ(t) ≡ t α log(e/t), 0 < t ≤ 1,
and, for c > 0
The second one is used to control the Bessel potential (see also [22] ). 2) Let 1 < q < ∞. Then the operator I ρ is bounded from The following lemma was proved in [12] .
Spanne-Guliyev type result
Lemma 3.2. Let 1 ≤ p < ∞ and ρ(t) satisfy the conditions (3.1), (3.2) . If the condition (3.3) is fulfilled, then for p > 1 the inequality
holds for any ball B(x 0 , r) and for all f ∈ L loc p (R n ). If the condition (3.4) is fulfilled, then for p = 1 the inequality
holds for any ball B(x 0 , r) and for all f ∈ L loc 1 (R n ), where C does not depend on x 0 and r.
The following is a result of Spanne type for generalized fractional integral operator I ρ in generalized Morrey spaces which was proved in [12] .
Theorem B. Let x 0 ∈ R n , 1 ≤ p < ∞, the function ρ satisfy the conditions (3.1), (3.2), (3.3) and (3.4) . Let also (ϕ 1 , ϕ 2 ) satisfy the conditions 
, and for p = 1
Corollary 3.3. Let 1 ≤ p < ∞, the function ρ satisfy the conditions (3.1), (3.2), (3.3) and (3.4). Let also (ϕ 1 , ϕ 2 ) satisfy the conditions
where C does not depend on x and r. Then the operator I ρ is bounded from generalized Morrey spaces M p,ϕ 1 to M q,ϕ 2 for p > 1 and from the space M 1,ϕ 1 to the weak space W M q,ϕ 2 for p = 1.
In the case ρ(t) = t α from Corollary 3.3 we get Spanne type result on generalized Morrey spaces proved in [10] (Theorem 5.4, p. 338). Also in the case ρ(t) = t α and ϕ(x, t) = t λ−n , 0 < λ < n from Corollary 3.3 we get Spanne's result in [17] .
The following theorem is one of our main results in which we prove the Spanne-Guliyev type boundedness of the operator I ρ in vanishing generalized local Morrey spaces V LM
Theorem 3.4. Let x 0 ∈ R n , 1 ≤ p < q < ∞, ϕ 1 , ϕ 2 , ∈ B loc and the function ρ satisfy the conditions (3.1), (3.2), (3.3) and (3.4) . Let also (ϕ 1 , ϕ 2 ) satisfy the conditions
where C 1 , C 2 does not depend on x 0 and r. Then the operator I ρ is bounded from vanishing generalized local Morrey spaces V LM
Proof. Since the norm inequality is already provided by Theorem B, so we only have to prove that
To check (3.13), i.e., to show that
we use the estimate (3.5) where we split the right-hand side:
with δ 0 > 0 and r < δ 0 , where
For the first term from (3.17) we have
By hypothesis we get H(x 0 , r) < ε 3
for small r.
We use the fact that f ∈ V LM {x 0 } p,ϕ 1 and choose any fixed δ 0 > 0 such that
where C and C 2 are constants from (3.15) and (3.18), which yields the estimate of the second term uniform in r ∈ (0, δ 0 ) :
For the third term, we have
, where
Note that c δ 0 < ∞ follows from (3.18) . Then, by (2.4) we choose small r such that
, which completes the estimation of the third term and the proof. The proof of (3.14) is, line by line, similar to the proof of (3.13).
Corollary 3.5. Let 1 ≤ p < ∞, ϕ ∈ B glob and the function ρ satisfy the conditions (3.1), (3.2), (3.3) and (3.4). Let also (ϕ 1 , ϕ 2 ) satisfy the conditions for every δ > 0 16) and 18) where C 1 , C 2 does not depend on x and r. Then the operator I ρ is bounded from vanishing generalized Morrey spaces V M p,ϕ 1 to V M q,ϕ 2 for p > 1 and from the space V M 1,ϕ 1 to the weak space V W M q,ϕ 2 for p = 1.
Adams-Guliyev type result
For f ∈ L loc 1 (R n ), the Hardy-Littlewood maximal function M f of f is defined by
|f (y)|dy, x ∈ R n .
The following lemma was proved in [2] . 19) holds for any ball B(x, r) and for all f ∈ L loc p (R n ).
holds for any ball B(x, r) and for all f ∈ L loc 1 (R n ), where C does not depend on x and r.
The following is a result of Adams type for generalized fractional integral operator I ρ in generalized Morrey spaces which was proved in [12] .
Theorem C. Let 1 ≤ p < ∞, q > p, ρ(t) satisfy the conditions (3.2), (3.3)and (3.4) . Let also ϕ(x, t) satisfy the conditions
where C does not depend on x ∈ R n and r > 0. Then the operator I ρ is bounded from generalized Morrey spaces M In Theorem C, if we take ρ(t) = t α , then we get Adams type result on generalized Morrey spaces proved in [11] (Theorem 5.7, p. 182) and if we take ρ(t) = t α and ϕ(x, t) = t λ−n , 0 < λ < n, then we get Adams's result in [1] .
The following theorem is the second main result of our paper in which we prove the Adams-Guliyev type boundedness of the operator I ρ in vanishing generalized Morrey spaces V M p,ϕ . Theorem 3.7. Let 1 ≤ p < ∞, q > p, ϕ ∈ B glob , ρ(t) satisfy the condition (3.2). Let also ϕ(x, t) satisfy the conditions
and ∞ r ϕ(x, t) Under the conditions (3.2), (3.23) and (3.25) we know that (see [12] ) for all The proof of (3.27) is, line by line, similar to the proof of (3.26).
